Phantom inflation with a steplike potential  by Liu, Zhi-Guo et al.
Physics Letters B 697 (2011) 407–411Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Phantom inﬂation with a steplike potential
Zhi-Guo Liu ∗, Jun Zhang, Yun-Song Piao
College of Physical Sciences, Graduate University of Chinese Academy of Sciences, Beijing 100049, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 9 December 2010
Accepted 27 December 2010
Available online 30 December 2010
Editor: T. Yanagida
Keywords:
Phantom inﬂation
Power spectrum
Curvature perturbation
The phantom inﬂation predicts a slightly blue spectrum of tensor perturbation, which might be tested in
coming observations. In normal inﬂation models, the introduction of step in its potential generally results
in an oscillation in the primordial power spectrum of curvature perturbation. We will check whether
there is the similar case in the phantom inﬂation with steplike potential. We ﬁnd that for same potentials,
the oscillation of the spectrum of phantom inﬂation is nearly same with that of normal inﬂation, the
difference between them is the tilt of power spectrum.
Crown Copyright © 2010 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
The results of recent observations are consistent with an adia-
batic and nearly scale invariant spectrum of primordial perturba-
tions, as predicted by the simplest models of inﬂation. The inﬂa-
tion is supposed to have taken place at the earlier moments of
the universe [1–3], which superluminally stretched a tiny patch
to become our observable universe today. During the inﬂation the
quantum ﬂuctuations in the horizon will be able to leave the hori-
zon and become the primordial perturbations responsible for the
structure formation of observable universe. In this sense, exploring
different inﬂation models is still an interesting issue.
Recently, the phantom ﬁeld, for which the parameter of state
equation ω < −1 and the weak energy condition is violated, has
acquired increasely attention [4], inspired by the wide use of such
ﬁelds to describe dark energy, e.g. [5–11]. The simplest realiza-
tion of phantom ﬁeld is a normal scalar ﬁeld with reverse sign
in its dynamical term. The quantum theory of such a ﬁeld may
suffer from the causality and stability problems [12,13]. However,
this does not mean that the phantom ﬁeld is unacceptable. Actions
with phantomlike form may be arise in supergravity [14], scalar
tensor gravity [15], higher derivative gravity [16], braneworld [17],
stringy [18], and other scenarios [19,20]. The phantom inﬂation,
which is drived by the phantom ﬁeld, has been proposed [21], and
widely studied in [22–28]. In phantom inﬂation, the power spec-
trum of curvature perturbation can be nearly scale invariant. The
duality of primordial spectrum to that of normal ﬁeld cosmology
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Open access under CC BY licehas been studied in [22,29]. In the meantime the spectrum of ten-
sor perturbation is slightly blue tilt, which is distinguished from
that of normal inﬂationary models [21].
The power spectrum of perturbations in the normal inﬂation
depends on the inﬂaton potential. In some inﬂationary models,
there may be inﬂaton potentials with a large number of steps. The
steplike change in the potential will result in a universal oscilla-
tion in the spectrum of primordial perturbations [30–37], and also
[38,39]. A burst of oscillations in the primordial spectrum seems
to provide a better ﬁt to the CMB angular power spectrum [40,41].
In this Letter, we will check whether there is a similar feature in
the phantom inﬂation with steplike potential. We will consider a
quadratic potential with a step and a hybrid potential with a step,
respectively, and numerically calculate the corresponding power
spectrum, and then compare them with that of normal inﬂation-
ary model.
The plan of this work is as follows. In Section 2 we present
the phantom inﬂation scenario and give the simple analysis of
the background evolution with steplike potential. In Section 3 we
discuss the calculation of the power spectrum and present nu-
merical results for the primordial spectrum. Section 4 contains
discussion and conclusions. Note that we work in units such that
h¯ = c = 8πG = 1.
2. The background of phantom inﬂation with a step
The simplest realization of phantom ﬁeld is a normal scalar
ﬁeld with reverse sign in its dynamical term. This reverse sign re-
sults in that, different from the evolution of normal scalar ﬁeld
during the normal inﬂation, the phantom ﬁeld during the phan-
tom inﬂation will be driven by its potential up along its potential,
e.g. [9,10]. Thus if initially the phantom ﬁeld is in the bottom ofnse.
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ﬁeld, the phantom ﬁeld will upclimbe and enter slow climbing
regime. Hereafter, the phantom inﬂation begins, and after some
time the phantom inﬂation ends and the universe enters into a
period dominated by the radiation. The exit from the phantom in-
ﬂation can be implemented by introducing an additional normal
scalar ﬁeld [21], in which the exit mechanism is similar to the case
of hybrid inﬂation [42,43], the imposition of backreaction [26], the
wormhole [23], the brane/ﬂux annihilation in string theory [27], or
the nonminimally coupling of the phantom to gravity [28].
When the phantom ﬁeld is minimally coupled to the gravita-
tional ﬁeld, the Friedmann equation can be written as
3H2 = −1
2
φ˙2 + V (φ), (1)
where H2 is positive, which means in all cases for the phan-
tom evolution its dynamical energy must be smaller than its po-
tential energy, thus the phantom inﬂation is not generally inter-
rupted by the step in despite of the height of step. This can
be compared with that in normal inﬂation, in which it is pos-
sible that φ˙2 > V (φ) for a high step and the inﬂation is inter-
rupted for a short interval. The phantom ﬁeld satisﬁes the equation
φ¨ + 3Hφ˙ − V ′(φ) = 0. The phantom ﬁeld is driven to upclimbe
along its potential is reﬂected in the minus before V ′ term. Deﬁne
the slow-climb parameters [21]
pha ≡ − H˙H2 , δpha ≡ −
φ¨
Hφ˙
(2)
when the conditions |pha|  1 and |δpha|  1 are satisﬁed, Eq. (1)
can be solved semianalytically. Then we have a ∼ eHt approx-
imately, which means the universe enters into the inﬂationary
phase driven by the phantom ﬁeld.
The numerical solutions of evolution equations are required for
accurately evaluating the perturbation spectrum. We shift the in-
dependent variable to α = lna, which will facilitate the numerical
integration. With this replacement and using the energy conserva-
tion equation, we have
Hα = 1
2
Hφ2α, (3)
φαα +
(
Hα
H
+ 3
)
φα − 1
H2
V ′ = 0, (4)
where the subscript α denotes differentiation for α and the prime
denotes differentiation with the scalar ﬁeld φ.
In general, the step in the potential can be modelled by in-
troducing the term proportional to tanh( φ−φstep
δ
). We consider a
simple inﬂaton potential m2φ2, then this potential with a step can
be given by
V (φ) = 1
2
m2φ2
(
1+ β tanh
(
φ − φstep
δ
))
. (5)
This potential has a step at φ = φstep with size and gradient gov-
erned by β and δ. We will focus on small features in the poten-
tial, and thus will limit the parameter β small. In this case, the
phantom will upclimbe continuously through the step while the
inﬂation will not be ceased.
The numerical results with the potential (5) can be seen in
Fig. 1. We can see that H is nearly constant in the inﬂationary era,
but there are some differences from the normal background. H in-
creases slowly in the phantom inﬂation compared with decrease
slowly in the normal inﬂation, since in the phantom inﬂation the
energy density is increased. There is a very abrupt change due to
the existence of the step.Fig. 1. Evolution of the Hubble parameter H . H is in the unit of H0 which is a
model dependent parameter. H increases and is different from normal inﬂation.
Fig. 2. Evolution of the two slow-climb parameters pha (top) and δpha (bottom) with
the introduction of the step. Different of the β and δ parameters: β = 10−2, δ =
10−3 (red dotted line), β = 10−2, δ = 5 × 10−4 (green dashed line), β = 5 × 10−3,
δ = 10−3 (purple dashed line), β = 5 × 10−3, δ = 5 × 10−4 (blue dotted line). (For
interpretation of colors in this ﬁgure, the reader is referred to the web version of
this Letter.)
The slow-climb parameters in term of α can be changed as fol-
lows
pha = −HαH , δpha = −
φαα
φα
− Hα
H
. (6)
The introduction of the step leads to a deviation from slow-climb
inﬂation, though during this interval it is still inﬂation. We have
plotted the evolution of the two slow-climb parameters pha and
δpha around the time when the ﬁeld crosses the step in Fig. 2.
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We will investigate the power spectrum of curvature perturba-
tions during the phantom inﬂation. In the scalar case it is advan-
tageous to deﬁne a gauge invariant potential [44,45]
u = −zR (7)
where z ≡ a√2|pha|, and a denotes the scale factor, H is the Hub-
ble parameter, and the dot is the derivative with respect to the
physical time t .
The equation of motion uk in the momentum space is
u′′k +
(
k2 − z
′′
z
)
uk = 0, (8)
where the prime denotes differentiation with respect to conformal
time and k is the wave number. The solution depends on the rela-
tive sizes of k2 and z′′/z. The z′′/z term can be expressed as 2a2H2
plus terms that are small during the phantom inﬂation. In general,
on subhorizon scales k2  z′′/z, the solution of perturbation is a
plane wave
uk → 1√
2k
e−ikτ . (9)
The 1√
2k
is obtained by the quantization of mode function uk .
Here a normal quantization condition has actually been applied,
like that in normal ﬁeld, which seems inconsequential for phantom
ﬁeld. However, it is generally thought that the phantom ﬁeld might
be only the approximative simulation of a fundamental theory be-
low certain physical cutoff, and the full theory should be well
quantized. In another viewpoint, we might assume that initially
there is not phantom ﬁeld, thus the perturbation deep inside the
horizon follows normal quantization condition, then the evolution
with w < 1 emerges for a period, which is simulated phenomeno-
logically by the phantom ﬁeld, as in island cosmology [46] or [27].
Thus the primordial perturbation induced by the phantom ﬁelds
has to have a normal quantization condition as its initial condi-
tion, or it cannot be matched to that of initial background. While
on superhorizon scales k2  z′′/z the dominated mode is
uk ∝ z (10)
which means that the curvature perturbation
|Rk| = |uk/z| (11)
is constant.
The spectrum PR(k) is deﬁned as
〈Rk1R∗k2 〉= 2π
2
k3
PRδ3(k1 − k2), (12)
and is given by
P1/2R (k) =
√
k3
2π2
∣∣∣∣ukz
∣∣∣∣. (13)
We will numerically calculate PR . However, before this it is inter-
esting to show the result of PR in the slow climbing approxima-
tion, which is
PR = 1
2|pha|
(
H
2π
)2( k
aH
)nR−1
, (14)
where the spectrum index is nR − 1  −4pha + 2δpha . This power
spectrum may be either blue or red. The results are dependent on
the relative magnitude of pha and δpha , see [21] for the details.Fig. 3. Evolution of z′′/z for β = 0.01 and δ = 0.001 with the efolding number of
inﬂation N and we have set N = 0 at the step in the potential.
Fig. 4. The power spectrum of curvature perturbation for the phantom inﬂation with
the potential (5), β = 5×10−3, δ = 4×10−2 (true red line), β = 5×10−3, δ = 10−2
(dotted blue line), β = 10−2, δ = 4 × 10−2 (dashed green line). (For interpretation
of colors in this ﬁgure, the reader is referred to the web version of this Letter.)
Eq. (14) is valid only when the slow climb approximation is sat-
isﬁed, i.e. |pha|  1 and |δpha|  1, however, when the potential
has a sharp step, the deviation of δ is large, see Fig. 2. In this case,
we have to evolve the full mode equation numerically without any
approximations.
The perturbation equation (8), with the replacement α = lna,
can be written as
uαα +
(
1+ Hα
H
)
uα +
(
k2
e2αH2
− z
′′/z
e2αH2
)
u = 0 (15)
with
z′′
z
= a2H2
(
2− 5Hα
H
− 2H
2
α
H2
− 4Hα
H
φαα
φα
+ V
′′
H2
)
. (16)
The evolution of spectrum is governed by the competition between
the k2 and z′′/z terms. The overall normalization of PR is propor-
tional to m2, φstep determines the wavelength at which the feature
appears. The dominant contribution to z′′/z is from the V ′′ term
and is proportional to β/δ2. Thus the range of k affected by the
feature roughly depends on the square root of β/δ2.
We plot the z′′/z term in Fig. 3 and solve the equation numer-
ically and give the results of power spectrum in Fig. 4. In Fig. 3,
we can see that the z′′/z term is very different from 2a2H2. It
has a sharp oscillation near the step. Fig. 4 shows the power spec-
trum of phantom inﬂation with potential of Eq. (5). We plot it with
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turbation for the phantom inﬂation and the normal inﬂation, respectively. The blue
solid line corresponds to the phantom inﬂation with m = 7.5 × 10−6, β = 10−2,
δ = 5 × 10−2 and the green dashed line corresponds to the normal inﬂation with
m = 7.5× 10−6, β = 10−2, δ = 2× 10−2. (For interpretation of colors in this ﬁgure,
the reader is referred to the web version of this Letter.)
three group parameters and can see that the introduction of step
results in a large deviation from slow climbing inﬂation and then
a burst of oscillations superimposed on the nearly scale invariant
scalar power spectrum. The magnitude and extent of oscillation is
dependent on the amplitude and gradient of the step. Thus as in
normal inﬂation, these oscillations will inevitably leave interesting
imprints in the CMB angular power spectrum, which might provide
a better ﬁt, e.g. [40,41].
We compare the primordial spectrum of phantom inﬂation
and normal inﬂation in Fig. 5, the top line shows the primor-
dial power spectrum of phantom inﬂation for the potential with
m = 7.5 × 10−6, β = 10−2, δ = 5 × 10−2. The normal inﬂation
model with a same potential has a red spectrum nR < 1, how-
ever, the phantom inﬂation background model has a blue spectrum
nR > 1. This is because what we consider here is the potential
with m2φ2. In principle, we can have the models of phantom in-
ﬂation with nR < 1 by choosing a suitable potential [21]. We can
consider a model of phantom inﬂation with the potential
V (φ) = V0 + 1
2
m2φ2
(
1+ β tanh
(
φ − φstep
δ
))
(17)
where V0 is constant which dominates the potential. This poten-
tial is same with that of hybrid inﬂation with normal ﬁeld. Fig. 6
shows that nR < 1 which is similar to that of the normal inﬂation
with m2φ2.
The power spectrum of tensor perturbation is only dependent
on pha . We set the parameter β small, thus actually |pha|  1
around the step. In this case, the tensor spectrum is hardly
affected, which remain nearly scale invariant. However, due to
pha < 0, thus nT  −2pha is slightly blue tilt for the phantom
inﬂation [21], which is distinguished from the normal inﬂation, in
which nT is generally red tilt.
4. Conclusion and discussion
The phantom ﬁeld can naturally appear in effective actions of
some theories, which might be only the approximative simulation
of a fundamental theory below certain physical cutoff. Thus the
phantom cosmology have been widely studied. The phantom inﬂa-
tion predicts a slightly blue spectrum of tensor perturbation, which
is distinguished from that of the normal inﬂation, in which the
tensor perturbation is generally red tilt. This is a smokegun for the
phantom inﬂation, which might be tested in coming observations.Fig. 6. The power spectrum of curvature perturbation for the phantom inﬂation with
the potential (17), V0 = 3.7× 10−14, m = 3.2× 10−8, φstep = 0.0125, β = 5× 10−4,
δ = 10−5. Corresponding to the spectra index ns < 1.
In normal inﬂation models, the introduction of step in its po-
tential generally results in an oscillation in the primordial power
spectrum of curvature perturbation. In this Letter, we ﬁnd that for
same potentials with the step, the oscillation of the spectrum of
phantom inﬂation can be nearly same with that of normal inﬂa-
tion, and the magnitude and extent of oscillation is dependent on
the amplitude and gradient of the step. The difference between
them is the tilt of power spectrum. However, the same tilt can be
obtained by considering a different potential of the phantom inﬂa-
tion.
In general, φ˙2 for the phantom must be smaller than its po-
tential energy in all time. Thus the phantom inﬂation is not in-
terrupted by the step in despite of the height of step. This can be
compared with that in normal inﬂation, in which it is possible that
for a high step the inﬂation is interrupted for a short interval. Here,
we have limited the parameter β small, however, it is interesting
to consider the phenomena of β  1, i.e. there is a large step, by
which the density of dark energy observed might be linked to that
of inﬂation, as in the eternal expanding cyclic scenario, e.g. [47,48].
This might lead to a lower CMB quadrupole in observable universe
if the step is just in the position of potential, in which the pertur-
bation with Hubble scale leaves the horizon during the phantom
inﬂation, as in the bounce inﬂation model [38,39]. It is possible
that the phantom inﬂation with steplike potential can be effec-
tively implemented in certain warped compactiﬁcations with the
brane/ﬂux annihilation, e.g. [27]. We expect to back to the relevant
issues in the coming works.
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